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COEFFICIENT ESTIMATES FOR SOME CLASSES OF FUNCTIONS
ASSOCIATED WITH q-FUNCTION THEORY
SARITA AGRAWAL
Abstract. In this paper, for every q ∈ (0, 1), we obtain the Herglotz representation
theorem and discuss the Bieberbach type problem for the class of q-convex functions of
order α, 0 ≤ α < 1. In addition, we discuss the Fekete-szego¨ problem and the Hankel
determinant problem for the class of q-starlike functions, leading to couple of conjectures
for the class of q-starlike functions of order α, 0 ≤ α < 1.
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1. Introduction
Throughout the present investigation, we denote by C, the set of complex numbers and
by H(D), the set of all analytic (or holomorphic) functions in D. We use the symbol A for
the class of functions f ∈ H(D) with the standard normalization f(0) = 0 = f ′(0)− 1. i.e.
the functions f ∈ A have the power series representation of the form
(1.1) f(z) = z +
∞∑
n=2
anz
n.
The set S denotes the class of univalent functions in A. We denote by S∗ and C, the class of
starlike and convex functions in A respectively. These are vastly available in the literature;
see [5, 8]. The principal value of the logarithmic function log z for z 6= 0 is denoted by
Log z := ln |z| + iArg (z), where −pi ≤ Arg (z) < pi.
In geometric function theory, finding bound for the coefficient an of functions of the form
(1.1) is an important problem, as it reveals the geometric properties of the corresponding
function. For example, the bound for the second coefficient a2 of functions in the class S,
gives the growth and distortion properties as well as covering theorems. Bieberbach proposed
a conjecture in the year 1916 that “among all functions in S, the Koebe function has the
largest coefficient”; for instance see [5, 8]. This conjecture was a challenging open problem
for mathematicians for several decades. To prove this conjecture initial approach was made
for some subclasses of univalent functions like S∗, C, etc. Many more new techniques were
developed in order to settle the conjecture. One of the important techniques is the Herglotz
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representation theorem which tells about the integral representation of analytic functions
with positive real part in D. Finally, the complete proof of Bieberbach’s conjecture was
settled by de Branges in 1985 [4].
Another interesting coefficient estimation is the Hankel determinant. The kth order Hankel
determinant (k ≥ 1) of f ∈ A is defined by
Hk(n) =
∣∣∣∣∣∣∣∣
an an+1 · · · an+k−1
an+1 · · · an+k
...
...
...
an+k−1 · · · an+2k−2
∣∣∣∣∣∣∣∣
.
For our discussion, in this paper, we consider the Hankel determinant H2(1) (also called the
Fekete-Szego¨ functional) and H2(2). Also in 1916, Bieberbach proved that if f ∈ S, then
|a22 − a3| ≤ 1. In 1933, Fekete and Szego¨ in [6] proved that
|a3 − µa
2
2| ≤


4µ− 3 if µ ≥ 1
1 + 2 exp[−2µ/(1− µ)] if 0 ≤ µ ≤ 1
3− 4µ if µ ≤ 0
.
The result is sharp in the sense that for each µ there is a function in the class under
consideration for which equality holds. The coefficient functional a3 − µa
2
2 has many ap-
plications in function theory. For example, the functional a3 − a
2
2 is equal to Sf (z)/6,
where Sf(z) is the Schwarzian derivative of the locally univalent function f defined by
Sf(z) = (f
′′(z)/f ′(z))′− (1/2)(f ′′(z)/f ′(z))2. Finding the maximum value of the functional
a3 − µa
2
2 is called the Fekete-Szego¨ problem. Koepf solved the Fekete-Szego¨ problem for
close-to-convex functions and obtains the largest real number µ for which a3− µa
2
2 is maxi-
mized by the Koebe function z/(1 − z)2 is µ = 1/3 (see [13]). Later, in [14] (see also [16]),
this result was generalized for functions that are close-to-convex of order β, β ≥ 0. In [18],
Pfluger employed the variational method to give another treatment of the Fekete-Szego¨ in-
equality which includes a description of the image domains under extremal functions. Later,
Pfluger [19] used Jenkins method to show that for f ∈ S,
|a3 − µa
2
2| ≤ 1 + 2| exp(−2µ/(1− µ))|
holds for complex µ such that Re (1/(1 − µ)) ≥ 1. The inequality is sharp if and only if µ
is in a certain pear shaped subregion of the disk given by
µ = 1− (u+ itv)/u2 + v2, −1 ≤ t ≤ 1,
where u = 1− log(cosϕ) and v = tanϕ− ϕ, 0 < ϕ < pi/2.
In recent years, study of q-analogs of subclasses of univalent functions is well adopted
among function theorists. Bieberbach type problems for functions belonging to classes
associated with q-function theory are discussed in [1, 9, 20]. In the sequel, we discuss the
Bieberbach type problem for q-analog of convex functions of order α, 0 ≤ α < 1. Finding
of Hankel determinant and Fekete-Szego¨ problem for subclasses of univalent functions are
vastly available in literature, see, for instance [12–14]. But these type of problems are not
considered for classes involving q-theory. In this regard, we motivate to discuss the Hankel
determinant and Fekete-Szego¨ problems for the q-analog of starlike functions.
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2. Preliminaries, and Main Theorems
For 0 < q < 1, the q-difference operator (see [1]), denoted as Dqf , is defined by the
equation
(Dqf)(z) =
f(z)− f(qz)
z(1 − q)
, z 6= 0, (Dqf)(0) = f
′(0).
Now, recall the defintion of the class of q-starlike functions of order α, 0 ≤ α < 1, denoted
by S∗q (α).
Definition 2.1. [1, Definition 1.1] A function f ∈ A is said to be in the class S∗q (α),
0 ≤ α < 1, if ∣∣∣∣∣∣∣∣
z(Dqf)(z)
f(z)
− α
1− α
−
1
1− q
∣∣∣∣∣∣∣∣
≤
1
1− q
, z ∈ D.
Note that the choice α = 0 gives the definition of the class of q-starlike functions, de-
noted by S∗q , (see [9, Definition 1.3]). Indeed, a function f ∈ A is said to belong to S
∗
q if
|(z(Dqf)(z))/f(z) − 1/(1 − q)| ≤ 1/(1 − q), z ∈ D. By using the idea of the well-known
Alexander’s theorem [5, Theorem 2.12], Baricz and Swaminathan in [3] defined a q-analog
of convex functions, denoted by Cq, in the following way.
Definition 2.2. [3, Definition 3.1] A function f ∈ A is said to belong to Cq if and only if
z(Dqf)(z) ∈ S
∗
q .
We call the functions of the class Cq as q-convex functions. The class Cq is non-empty as
shown in [3, Theorem 3.2]. Note that as q → 1, the classes S∗q and Cq reduce to S
∗ and C
respectively.
It is natural to define the q-convex functions of order α, 0 ≤ α < 1, denoted by Cq(α), in
the following way:
Definition 2.3. A function f ∈ A is said to be in the class Cq(α), 0 ≤ α < 1, if and only
if z(Dqf)(z) ∈ S
∗
q (α).
We can see that as q → 1, the class Cq(α) reduces to the class of convex functions of order
α, C(α) (for definition of C(α) see [8]).
Bieberbach type problem is estimated for the classes S∗q and S
∗
q (α) in the articles [9]
and [1] respectively. But the Fekete-Szego¨ problem and the Hankel determinant were not
considered there. In this article, we first discuss these two problems for the class S∗q and
posed two conjectures on the Fekete-Szego¨ problem and Hankel determinant for the class
S∗q (α). Since the Bieberbach type problem for the class Cq(α), 0 ≤ α < 1, is not available in
literature, here we obtain the Bieberbach type problem for the class Cq(α) for 0 ≤ α < 1.
In addition, we find the Herglotz representation formula for functions belonging to the class
Cq(α). One can also think of Hankel determinant, Fekete-Szego¨ problems for Cq(α) as well.
The concept of q-integral is useful in this setting. Thomae was a pupil of Heine who
introduced, the so-called, q-integral [21]∫ 1
0
f(t) dqt = (1− q)
∞∑
n=0
qnf(qn),
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provided the q-series converges. In 1910, Jackson defined the general q-integral [10] (see
also [7, 21]) in the following manner:∫ b
a
f(t) dqt :=
∫ b
0
f(t) dqt−
∫ a
0
f(t) dqt,
where
Iq(f(x)) :=
∫ x
0
f(t) dqt = x(1 − q)
∞∑
n=0
qnf(xqn),
provided the q-series converges. Observe that
DqIqf(x) = f(x) and IqDqf(x) = f(x)− f(0),
where the second equality holds if f is continuous at x = 0. For more background on
q-integrals, we refer to [7].
Now, we state our main results. The Fekete-Szego¨ problem for the class S∗q is obtained
as follows:
Theorem 2.4. Let f ∈ S∗q be of the form (1.1) and µ be any complex number. Then
|a3 − µa
2
2| ≤ max
{∣∣∣∣∣2(1− 2µ)
(
ln q
q − 1
)2
+ 2
(
ln q
q2 − 1
)∣∣∣∣∣ , 2
(
ln q
q2 − 1
)}
.
Equality occurs for the functions
(2.1) F1(z) := z
{
exp
[
∞∑
n=1
2 ln q
qn − 1
zn
]}
and
(2.2) F2(z) := z
{
exp
[
∞∑
n=1
2 ln q
q2n − 1
z2n
]}
.
The next result is the estimation of second order Hankel determinant for the class S∗q .
Theorem 2.5. Let f ∈ S∗q be of the form (1.1). Then
|H2(2)| = |a2a4 − a
2
3| ≤ 4
(
ln q
q2 − 1
)2
.
Equality occurs for the function F2(z) defined in (2.2).
Remark 2.6. For q → 1, Theorem 2.4 gives the Fekete-Szego¨ problem for the class S∗ [12,
Theorem 1].
Remark 2.7. For q → 1, Theorem 2.5 gives the Hankel determinant for the class S∗ [11,
Theorem 3.1].
Now we present the Herglotz representation of functions belonging to the class Cq(α):
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Theorem 2.8. Let f ∈ A. Then f ∈ Cq(α), 0 ≤ α < 1, if and only if there exists a
probability measure µ supported on the unit circle such that
z(Dqf)
′(z)
(Dqf)(z)
=
∫
|σ|=1
σzF
′
q,α(σz)dµ(σ)
where
(2.3) Fq,α(z) =
∞∑
n=1
(−2)
(
ln q
1−α(1−q)
)
1− qn
zn, z ∈ D.
Remark 2.9. It is clear that when q → 1,
F
′
q,α(z)→ 2(1− α)/(1− z) and z(Dqf)
′(z)/(Dqf)(z)→ zf
′′(z)/f ′(z).
Hence, when q approaches to 1, Theorem 2.8 leads to the Herglotz Representation of convex
functions of order α (see for instance [8, pp. 172, Problem 3]).
The Bieberbach type problem for the class Cq(α), 0 ≤ α < 1, is stated below:
Theorem 2.10. Let
(2.4) Eq(z) := Iq{exp[Fq,α(z)]} = z +
∞∑
n=2
(
1− q
1− qn
)
cnz
n
where cn is the n-th coefficient of the function z exp[Fq,α(z)]. Then Eq ∈ Cq(α), 0 ≤ α < 1.
Moreover, if f(z) = z +
∑∞
n=2 anz
n ∈ Cq(α), then |an| ≤ ((1 − q)/(1 − q
n))cn with equality
holding for all n if and only if f is a rotation of Eq.
Remark 2.11. It would be interesting to get an explicit form of the extremal function
independent of the q-integral in Theorem 2.10.
Remark 2.12. It is clear that when q → 1,
Fq,α(z)→ −2(1− α) log(1− z),
and hence z exp[Fq,α(z)] → z/(1 − z)
2(1−α). Therefore, as q → 1, the coefficient cn →∏n
k=2(k − 2α)/(n − 1)!, which gives |an| is bounded by
∏n
k=2(k − 2α)/n! for f ∈ C(α). i.e.
when q → 1, Theorem 2.10 leads to the Bieberbach type problem for the class C(α) (see for
instance [8, Theorem 2, pp. 140]).
3. Properties of the class Cq(α), 0 ≤ α < 1
This section is devoted to study of some basic properties of the class Cq(α). The following
proposition says that a function f ∈ Cq(α) can be written in terms of a function g in S
∗
q (α).
The proof is obvious and it follows from the definition of Cq(α).
Proposition 3.1. Let f ∈ Cq(α), 0 ≤ α < 1. Then there exists a unique function g ∈ S
∗
q (α),
0 ≤ α < 1, such that
(3.1) g(z) = z(Dqf)(z)
holds. Similarly, for a given function g ∈ S∗q (α) there exists a unique function f ∈ Cq(α)
satisfying (3.1).
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Next result is a characterization for a function to be in the class Cq(α).
Theorem 3.2. Let f ∈ A. Then f ∈ Cq(α), 0 ≤ α < 1, if and only if∣∣∣∣q (Dqf)(qz)(Dqf)(z) − αq
∣∣∣∣ ≤ 1− α, z ∈ D.
Proof. By Definition 2.3, we have f ∈ Cq(α) if and only if z(Dqf)(z) ∈ S
∗
q (α). Then the
result follows immediately from [1, Theorem 2.2]. 
Corollary 3.3. The class Cq(α) satisfies the inclusion relation⋂
q<p<1
Cp(α) ⊆ Cq(α) and
⋂
0<q<1
Cq(α) = C(α).
Proof. If f ∈ Cp(α) for all p ∈ (q, 1), then as p→ q we get f ∈ Cq(α). Hence the inclusion⋂
q<p<1
Cp(α) ⊆ Cq(α)
holds. Similarly, if f ∈ Cq(α) for all q ∈ (0, 1), then as q → 1 we get f ∈ C(α). That is,⋂
0<q<1
Cq(α) ⊆ C(α)
holds. It remains to show that
C(α) ⊆
⋂
0<q<1
Cq(α).
For this, we let f ∈ C(α). Then we show that f ∈ Cq(α) for all q ∈ (0, 1). Since f ∈ C(α),
zf ′ ∈ S∗(α). By [1, Corollary 2.3], S∗(α) = ∩0<q<1S
∗
q (α), it follows that zf
′ ∈ S∗q (α) for all
q ∈ (0, 1).
Thus, by Proposition 3.1, there exists a unique h ∈ Cq(α) satisfying the identity (3.1)
with h(z) = f(z). The proof now follows immediately. 
We now define two sets and proceed to prepare some basic results which are being used
to prove our main results as well. Define
Bq = {g : g ∈ H(D), g(0) = q and g : D→ D} and B
0
q = {g : g ∈ Bq and 0 /∈ g(D)}.
Lemma 3.4. [1, Lemma 2.4] If h ∈ Bq then the infinite product
∏∞
n=0{((1 − α)h(zq
n) +
αq)/q} converges uniformly on compact subsets of D.
Lemma 3.5. If h ∈ B0q then the infinite product
∏∞
n=0{((1− α)h(zq
n) + αq)/q} converges
uniformly on compact subsets of D to a nonzero function in H(D) with no zeros. Further-
more, the function f satisfying the relation
(3.2) z(Dqf)(z) =
z∏∞
n=0{((1− α)h(zq
n) + αq)/q}
belongs to Cq(α) and h(z) =
(
q
(Dqf)(qz)
(Dqf)(z)
− αq
)
/(1− α).
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Proof. The convergence of the infinite product is due to Lemma 3.4. Since h ∈ B0q , we
have h(z) 6= 0 in D and the infinite product does not vanish in D. Thus, the function
z(Dqf)(z) ∈ A and we find the relation
q
(Dqf)(qz)
(Dqf)(z)
= q lim
k→∞
k∏
n=0
(1− α)h(zqn) + αq
(1− α)h(zqn+1) + αq
= (1− α)h(z) + αq.
Since h ∈ B0q , we get f ∈ Cq(α) and the proof of our lemma is complete. 
Let P be the family of all functions p ∈ H(D) for which Re {p(z)} ≥ 0 and
(3.3) p(z) = 1 + p1z + p2z
2 + . . .
for z ∈ D.
Lemma 3.6. [9, Lemma 2.4] A function g ∈ B0q if and only if it has the representation
(3.4) g(z) = exp{(ln q)p(z)},
where p(z) belongs to the class P.
Theorem 3.7. The mapping ρ : Cq(α)→ B
0
q defined by
ρ(f)(z) =
(
q
(Dqf)(qz)
(Dqf)(z)
− αq
)
/(1− α)
is a bijection.
Proof. For h ∈ B0q , define a mapping σ : B
0
q → A by
z(Dqσ(h))(z) =
z∏∞
n=0{((1− α)h(zq
n) + αq)/q}
It is clear from Lemma 3.5 that σ(h) ∈ Cq and (ρ ◦ σ)(h) = h. Considering the composition
mapping σ ◦ ρ we compute that
z(Dq(σ ◦ ρ)(f))(z) =
z∏∞
n=0{((1− α)ρ(f)(zq
n) + αq)/q}
=
z∏∞
n=0{q(Dqf)(zq
n+1)/q(Dqf)(zqn)}
= z(Dqf)(z)
or,
(σ ◦ ρ)(f) = f.
Hence σ ◦ ρ and ρ ◦ σ are identity mappings and σ is the inverse of ρ, i.e. the map ρ(f) is
invertible. Hence ρ(f) is a bijection. This completes the proof of our theorem. 
4. Proof of the main theorems
In this section we prove our main theorems stated in Section 2. The following lemmas
are useful for the proof of the Fekete-Szego¨ problem and finding the Hankel determinant.
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Lemma 4.1. [9, Theorem 1.13] The mapping ρ : S∗q → B
0
q defined by
ρ(f)(z) =
f(qz)
f(z)
is a bijection.
Lemma 4.2. [9, Theorem 1.15] Let f ∈ A. Then f ∈ S∗q if and only if there exists a
probability measure µ supported on the unit circle such that
zf ′(z)
f(z)
= 1 +
∫
|σ|=1
σzF
′
q(σz)dµ(σ)
where
(4.1) Fq(z) =
∞∑
n=1
2 ln q
qn − 1
zn, z ∈ D.
Lemma 4.3. [15, pp. 254-256] Let the function p ∈ P and be given by the power series
(3.3). Then
2p2 = p
2
1 + x(4− p
2
1),
4p3 = p
3
1 + 2(4− p
2
1)p1x− p1(4− p
2
1)x
2 + 2(4− p21)(1− |x|
2)z,
for some x and z satisfying |x| ≤ 1, |z| ≤ 1, and p1 ∈ [0, 2].
Lemma 4.4. [17, Lemma 1] Let the function p ∈ P and be given by the power series (3.3).
Then for any real number λ,
|p2 − λp
2
1| ≤ 2max{1, |2λ− 1|}
and the result is sharp.
Proof of Theorem 2.4. Let f ∈ S∗q . Then by Lemma 4.1, there exist a function g ∈ B
0
q
such that g(z) = f(qz)/f(z). Since g ∈ B0q , by Lemma 3.6, g(z) has the representation
(3.4). That is,
f(qz)
f(z)
= exp{(ln q)p(z)}.
Define the function φ(z) = Log {f(z)/z} and set
φ(z) = Log
f(z)
z
=
∞∑
n=1
φnz
n.
On solving, we get
ln q + φ(qz) = φ(z) + (ln q)p(z).
This implies
(4.2) φn = pn
(
ln q
qn − 1
)
.
So, f(z) can be written as
(4.3) f(z) = z exp
[
∞∑
n=1
φnz
n
]
,
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where φn is defined in (4.2) and f(z) has the form (1.1). Equating the coefficients of both
sides in (4.3) and using the value of φn given in (4.2), we obtain
(4.4) a2 = φ1 = p1
(
ln q
q − 1
)
, a3 = φ2 +
φ21
2
= p2
(
ln q
q2 − 1
)
+
p21
2
(
ln q
q − 1
)2
.
Thus,
|a3 − µa
2
2| =
∣∣∣∣∣p2
(
ln q
q2 − 1
)
+
p21
2
(
ln q
q − 1
)2
− µp21
(
ln q
q − 1
)2∣∣∣∣∣
=
(
ln q
q2 − 1
)
∣∣∣∣∣∣∣∣∣
p2 − (2µ− 1)
(
ln q
q − 1
)2
(
2 ln q
q2 − 1
)p21
∣∣∣∣∣∣∣∣∣
≤ max
{∣∣∣∣∣2(1− 2µ)
(
ln q
q − 1
)2
+ 2
(
ln q
q2 − 1
)∣∣∣∣∣ , 2
(
ln q
q2 − 1
)}
,
where the last inequality follows from Lemma 4.4. It now remains to prove the sharpness
part.
This can easily be shown by the definition of S∗q that the functions F1 and F2 defined in
the statement of Theorem 2.4 belong to the class S∗q . One can also see that F1 ∈ S
∗
q as a
special case to Lemma 4.2, when the measure has a unit mass. The functions F1 and F2
show the sharpness of the result. This completes the proof of the theorem. 
We now pose the following conjecture on Fekete-Szego¨ problem for S∗q (α).
Conjecture 4.5. Let f ∈ S∗q (α), 0 ≤ α < 1, be of the form (1.1) and µ be any complex
number. Then
|a3 − µa
2
2| ≤ max


∣∣∣∣∣∣2(1− 2µ)
(
ln q
1−α(1−q)
q − 1
)2
+ 2
(
ln q
1−α(1−q)
q2 − 1
)∣∣∣∣∣∣ , 2
(
ln q
1−α(1−q)
q2 − 1
)
 .
Equality occurs for the functions
(4.5) F1(z) := z
{
exp
[
∞∑
n=1
2 ln q
1−α(1−q)
qn − 1
zn
]}
and
(4.6) F2(z) := z
{
exp
[
∞∑
n=1
2 ln q
1−α(1−q)
q2n − 1
z2n
]}
.
Proof of Theorem 2.5. Given that f ∈ S∗q having the form (1.1). In (4.4), we already
obtained the values of a2 and a3. In the similar way one can find the value of a4. Indeed,
a4 = φ3 + φ1φ2 +
φ31
6
= p3
(
ln q
q3 − 1
)
+ p1p2
(
ln q
q − 1
)(
ln q
q2 − 1
)
+
p31
6
(
ln q
q − 1
)3
.
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Hence,
|a2a4 − a
2
3| =
∣∣∣∣∣−p
4
1
12
(
ln q
q − 1
)4
+ p1p3
(
ln q
q − 1
)(
ln q
q3 − 1
)
− p22
(
ln q
q2 − 1
)2∣∣∣∣∣ .
Suppose now that p1 = c and 0 ≤ c ≤ 2. Using Lemma 4.3, we obtain
|a2a4 − a
2
3| =
∣∣∣∣∣− c
4
12
[(
ln q
q − 1
)4
− 3
(
ln q
q − 1
)(
ln q
q3 − 1
)
+ 3
(
ln q
q2 − 1
)2]
+
c2
2
(4− c2)x
[(
ln q
q − 1
)(
ln q
q3 − 1
)
−
(
ln q
q2 − 1
)2]
+
(4− c2)(1− |x|2)cz
2
(
ln q
q − 1
)(
ln q
q3 − 1
)
−
[
c2
4
(4− c2)
(
ln q
q − 1
)(
ln q
q3 − 1
)
+
(4− c2)2
4
(
ln q
q2 − 1
)2]
x2
∣∣∣∣∣
≤
c4
12
∣∣∣∣∣
(
ln q
q − 1
)4
− 3
(
ln q
q − 1
)(
ln q
q3 − 1
)
+ 3
(
ln q
q2 − 1
)2∣∣∣∣∣+ (4− c
2)c
2
(
ln q
q − 1
)
(
ln q
q3 − 1
)
+
c2
2
(4− c2)
[(
ln q
q − 1
)(
ln q
q3 − 1
)
−
(
ln q
q2 − 1
)2]
ρ
+
(
4− c2
4
)[
(4− c2)
(
ln q
q2 − 1
)2
+ c(c− 2)
(
ln q
q − 1
)(
ln q
q3 − 1
)]
ρ2
= F (ρ)
with ρ = |x| ≤ 1. Furthermore,
F ′(ρ) ≥ 0.
This implies that F is an increasing function of ρ and thus the upper bound for |a2a4 − a
2
3|
corresponds to ρ = 1. Hence,
|a2a4 − a
2
3| ≤ F (1) = G(c) (say).
We can see that(
ln q
q − 1
)4
− 3
(
ln q
q − 1
)(
ln q
q3 − 1
)
+ 3
(
ln q
q2 − 1
)2
> 0, for 0 < q < 1.
Now, a simple calculation gives that
G(c) =
c4
12
[(
ln q
q − 1
)4
− 12
(
ln q
q − 1
)(
ln q
q3 − 1
)
+ 12
(
ln q
q2 − 1
)2]
+c2
[
3
(
ln q
q − 1
)(
ln q
q3 − 1
)
− 4
(
ln q
q2 − 1
)2]
+ 4
(
ln q
q2 − 1
)2
.
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The expression G′(c) = 0 gives either c = 0 or
c2 =
6
[
4
(
ln q
q2 − 1
)2
− 3
(
ln q
q − 1
)(
ln q
q3 − 1
)]
(
ln q
q − 1
)4
− 12
(
ln q
q − 1
)(
ln q
q3 − 1
)
+ 12
(
ln q
q2 − 1
)2 .
We can verify that G′′(c) is negative for c = 0 and positive for other values of c. Hence the
maximum of G(c) occurs at c = 0. Thus, we obtain
|a2a4 − a
2
3| ≤ 4
(
ln q
q2 − 1
)2
.
The function F2 defined in the statement of the theorem shows the sharpness of the result.
This completes the proof of the theorem. 
We pose one more conjecture which is about the Hankel Determinant for the class S∗q (α).
Conjecture 4.6. Let f ∈ S∗q (α), 0 ≤ α < 1, be of the form (1.1). Then
|a2a4 − a
2
3| ≤ 4
(
ln q
1−α(1−q)
q2 − 1
)2
.
Equality occurs for the function F2 defined in (4.6).
Remark 4.7. Here we remark that the proofs of Conjectures 4.5 and 4.6 will follow in the
similar manner as the proofs of Theorem 2.4 and Theorem 2.5, respectively. However, the
conjectures are all about to find the extremal functions which we believe to be (4.5) and (4.6).
Proof of Theorem 2.8. Let f ∈ Cq(α), 0 ≤ α < 1. By definition of Cq(α), z(Dqf)(z) ∈
S∗q (α). Then by [1, Theorem 1.1], we have
z
(z(Dqf)(z))
′(z)
z(Dqf)(z)
= 1 +
∫
|σ|=1
σzF
′
q,α(σz)dµ(σ)
or,
1 +
z(Dqf)
′(z)
(Dqf)(z)
= 1 +
∫
|σ|=1
σzF
′
q,α(σz)dµ(σ),
where Fq,α is defined in (2.3). Hence the proof is complete. 
Proof of Theorem 2.10. Let f(z) = z +
∑∞
n=2 anz
n ∈ Cq(α). By definition of Cq(α),
z(Dqf)(z) = z +
∑∞
n=2(1− q
n)/(1− q)anz
n ∈ S∗q (α). Then by [1, Theorem 1.3], we have∣∣∣∣1− qn1− q an
∣∣∣∣ ≤ cn.
Next, we show that equality holds for the function Eq ∈ Cq(α). As a special case to
Theorem 2.8, when the measure has a unit mass, it is clear that Eq ∈ Cq(α). Let Eq(z) =
z +
∑∞
n=2 bnz
n. From this representation of Eq and the definition of Dqf , we get
(4.7) z(DqEq)(z) = z +
∞∑
n=2
bn(1− q
n)/(1− q)zn.
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Since Eq(z) = Iq{exp[Fq,α(z)]}, z(DqEq)(z) = z{exp[Fq,α(z)]} and since cn is the n-th
coefficient of the function z exp[Fq,α(z)], we have
(4.8) z(DqEq)(z) = z +
∞∑
n=2
cnz
n.
By comparing (4.7) and (4.8) we get, bn = cn(1− q)/(1− q
n). i.e.
Eq(z) = z +
∞∑
n=2
(
1− q
1− qn
)
cnz
n.
This completes the proof of our theorem. 
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